We show that Projected Entangled-Pair States (PEPS) in two spatial dimensions can describe chiral topological states by explicitly constructing a family of such states with a non-trivial Chern number. They are ground states of two different kinds of free-fermion Hamiltonians: (i) local and gapless; (ii) gapped, but with hopping amplitudes that decay according to a power law. We derive general conditions on topological free fermionic PEPS which show that they cannot correspond to exact ground states of gapped, local parent Hamiltonians, and provide numerical evidence demonstrating that they can nevertheless approximate well the physical properties of topological insulators with local Hamiltonians at arbitrary temperatures. , possess a simple and exact description within that family [10] [11] [12] [13] . This seems to indicate that PEPS can also help us to characterize and classify the gapped (topological) phases in dimensions higher than one.
We show that Projected Entangled-Pair States (PEPS) in two spatial dimensions can describe chiral topological states by explicitly constructing a family of such states with a non-trivial Chern number. They are ground states of two different kinds of free-fermion Hamiltonians: (i) local and gapless; (ii) gapped, but with hopping amplitudes that decay according to a power law. We derive general conditions on topological free fermionic PEPS which show that they cannot correspond to exact ground states of gapped, local parent Hamiltonians, and provide numerical evidence demonstrating that they can nevertheless approximate well the physical properties of topological insulators with local Hamiltonians at arbitrary temperatures. Introduction.-Projected Entangled-Pair States (PEPS) [1] are believed to provide an accurate description of many-body quantum systems with local interactions in thermal equilibrium [2] . At zero temperature, PEPS contain the necessary entanglement demanded by the area law in order to describe gapped Hamiltonians with local (short-range) interactions [3] . In fact, Matrix-Product States, the 1D version of PEPS, have been a key tool leading to the classification of all possible phases of spin Hamiltonians of that kind [4] [5] [6] . Furthermore, well known topological states in 2D, like the toric code [7] , resonating valence-bond [8] , or string-nets [9] , possess a simple and exact description within that family [10] [11] [12] [13] . This seems to indicate that PEPS can also help us to characterize and classify the gapped (topological) phases in dimensions higher than one.
In spite of the above indications, there exists a deep reason to believe that PEPS cannot describe the physics of certain kinds of topological phases, namely those that have chirality. In fact, despite a significant effort in the research of tensor network states, we do not know any PEPS corresponding to a 2D chiral topological phase, not even for the simplest topological insulators [14, 16] . Those are free-fermionic systems with a non-trivial Chern number, C = 0, that can be thought of as the lattice counterpart of integer Quantum Hall materials. This fact may be qualitatively understood as follows. Any PEPS is the ground state of a local so-called parent Hamiltonian H = i h i [17, 18] . This Hamiltonian is frustration-free, meaning that the PEPS is annihilated by each local term h i individually. But if H corresponds to a free-fermion system with a gapped band structure, the Hamiltonian terms are of the form h i = b † i b i , where the b i are quasiparticle operators supported in a small region. Their Wannier functions must thus be localized, which in turn has been proven to be impossible for systems with a nontrivial Chern number [19, 20] . Still, the question whether PEPS can describe chiral topological insulators is open:
First, even though their parent Hamiltonians would be gapless, they might still be ground states of other nonfrustration-free gapped Hamiltonians (with non-localized Wannier functions); second, although they do not provide exact descriptions of all chiral states, they may still be able to approximate them accurately.
In this Letter, we explicitly construct a simple family of PEPS with Chern number C = 0 on a square lattice. Our construction is based on Gaussian fermionic PEPS (GFPEPS) [21] ; that is, those that can be created out of the vacuum by applying a Gaussian function of creation and annihilation operators. By simple we mean with the smallest possible bond dimension, i.e., where there are just four auxiliary fermions on each lattice site. This family of GFPEPS possesses correlation functions with a power-law decay, as well as non-localized Wannier functions. In fact, they are the unique ground states of free-fermion, gapped Hamiltonians with hopping amplitudes following the same decay. Apart from that, as all PEPS, they are ground states of local parent Hamiltonians, which however must be gapless due to the presence of critical correlations. Indeed, we prove that there cannot be GFPEPS with a non-trivial Chern number which have a finite-range and gapped parent Hamiltonian, since all such Hamiltonians are in the trivial phase. This result, however, does not rule out the possibility of using PEPS to approximate the ground state of a chiral topological insulator with a local Hamiltonian. In fact, we investigate this issue and conclude that this is possible, since the approximation improves exponentially in the number of fermionic modes in the bond. Finally, we show that by using mixed GFPEPS we can approximate the finite temperature properties of such systems as well.
Gaussian fermionic PEPS.-We start with an N × N square lattice with periodic boundaries and f physical fermionic orbitals at each site, with creation (annihilation) operators a and c r,2j = (−i)(a † r,j − a r,j ). To obtain a PEPS description of the system, we start out with maximally entangled virtual Majorana modes γ Fig. 1 ), yielding a pure state ρ in [21] . Here, the number of Majorana bonds χ is a parameter which can be used to systematically enlarge the class of states. Subsequently, we apply the same linear map E to each lattice site r, which maps the 4χ auxiliary modes γ v r,α to the 2f physical modes c r,s (s = 1, . . . , 2f ); this yields the translationally invariant fermionic PEPS ρ out .
We now restrict to the case where the map E is Gaussian. Then, ρ out is a free-fermion state, which can be described in terms of its covariance matrix
. Finally, E can be expressed using a CM M defined on the 2f + 4χ modes {(c r,s ), (γ v r,α )} which encodes how E correlates the input modes with the output modes [23] (an explicit expression will be given soon). These CMs are real, antisymmetric, and fulfill ΓΓ ⊤ ≤ I, where equality only holds for pure states (and purity-preserving maps).
Since we consider a translational invariant system of free fermions, it is most convenient to work in Fourier space. The Fourier transformed CM G in of ρ in , expressed in terms of Fourier transformed Majorana modeŝ γ
where I χ denotes a χ × χ identity matrix; the ordering of the modes is l, r, u, d. The CM M for the Gaussian map E has a block structure
where A ∈ R 2f ×2f , B ∈ R 2f ×4χ , and D ∈ R 4χ×4χ are variational parameters corresponding to physical and virtual modes. Any M with M M ⊤ ≤ I characterizes an admissible E. Applying E to the input ρ in results in a CM [23, 24] 
, where p st (k) and q(k) = det(D − G in (k)) are trigonometric polynomials of degree ≤ 2χ [24] .
For pure GFPEPS, the class of quadratic Hamiltonians
with spectrum ε(k) = ε(−k) ≥ 0 has ρ out as its ground state. These parent Hamiltonians can have different properties: (i) If q(k) > 0, then for ε(k) ≡ 1, H f has exponentially decaying two-body interactions in real space, and by choosing ε(k) = q(k), one obtains a strictly local gapped Hamiltonian.
(ii) If q(k) = 0 for some k and G out (k) is continuous, ε(k) ≡ 1 still yields a gapped Hamiltonian. Then, whether H f has exponentially decaying terms depends on whether G out (k) has any discontinuities in its derivatives (which give rise to algebraically decaying terms in real space after Fourier transforming).
Example of a chiral GFPEPS.-Using this construction, we have obtained a family of chiral topological insulators whose ground states are GFPEPS. They have f = 2, χ = 2, and M [Eq. (2)] is given by
where I = ( 1 0 0 1 ) and ω = 0 1 −1 0 . The ordering of the physical Majorana modes is (c 1↑ , c 2↑ , c 1↓ , c 2↓ ), and that of the virtual modes as in (1); here, 0 < λ < 1.
Using Eq. (3), one finds that
Employing Eq. (4), we can now define particle-number conserving parent Hamiltonians for G out : If we choose ε(k) ≡ 1, we obtain a gapped flat-band Hamiltonian with algebraically decaying hoppings (see Fig. 2 ), while if we choose ε(k) = q(k), we obtain a strictly local Hamiltonian with only next-nearest neighbor couplings, which however is gapless at k = (π, π) (inset of Fig. 2 ). In the first case, the Chern number can be computed from G out [24] and is found to be C = −1 for all 0 < λ < 1. Note that by changing to the basis c 1↑ ± c 2↓ , c 2↑ ± c 1↓ , G out decouples into two GFPEPS describing spinless topological superconductors, each with χ = 1 and equal chiralities.
Conditions for topological GFPEPS.-Let us now show that topological GFPEPS are very special. In particular, we will prove that any GFPEPS with a property known as injectivity [22] (which holds generically), or more generally for which q(k) is non-singular, has a gapped local parent Hamiltonian which is connected to a trivial state via a gapped path and therefore cannot be topological; this implies that the parent Hamiltonians defined via ǫ(k) = q(k) have to be gapless. (This shows that injectivity in GFPEPS is much stronger than for general PEPS, where it does not have implications about the spectrum or the phase except for 1D systems.)
Let us first define injectivity for GFPEPS: By blocking n v × n h sites to a new super-site (by tracing over the virtual particles), we can reach a point where the number of physical Majorana modes d ph = 2f n h n v is larger than the number of virtual modes
where denotes the corresponding matrices after blocking. We say that a GFPEPS is injective if there is a finite blocking size such that rank(B ) = d vir , i.e., the virtual system G in (k) is fully mapped onto the physical space. In this case we can use an SVD of B = V ⊤ ΣU , where V is an isometry, VV ⊤ = I dvir , and Σ is a diagonal strictly positive matrix, to obtain from Eq. (3)
Since all terms on the left-hand side are entries of CMs and thus bounded, it follows that It is now exactly this property which allows us to construct a gapped interpolation from G out (k) to the topologically trivial state by adiabatically disentangling pairs of Majorana bonds (we can take n v , n h to be even, since injectivity is stable under blocking) via
Here, Γ ϕ in is the CM of pairs of Majorana bonds on horizontally or vertically adjacent sites, which for ϕ = 0
FIG. 2. Correlation functions as given by Γout
on a 500 × 500 lattice as a function of the distance |r − r ′ | along the x and y directions (blue crosses, both lie on top of each other) and alongx +ŷ (green stars). Insert: Energy separation between the occupied and the unoccupied band as a function of k.
describes a maximally entangled state, corresponding to the initial GFPEPS, while Γ π/2 in corresponds to a product state and thus, G π/2 out describes a topologically trivial state [25] . Since from (6) ⊤ to obtain rank(B ) = d vir , while keeping det(D ′ − G in (k)) > 0 if ǫ is sufficiently small compared to ∆. From there, it is again possible to perform an adiabatic evolution to the trivial state as before. If the initial GFPEPS was particle number conserving, this symmetry can be kept along the path by using a particle-number conserving interpolation Γ ϕ in . Thus, our proof applies both to topological insulators and topological superconductors.
Numerical results.-We have performed numerical calculations on a 10 × 10 lattice for the model
This model has Chern number C = −1 for 0 < e S < 2, C = 1 for 2 < e S < 4 and C = 0 otherwise [27] . First, we determined the minimal distance δ := max k G ex (β, k) − G GFPEPS (k) tr between the CM of e −βH /tr(e −βH ) (for e S = 1) at β = ∞ and the one of the GFPEPS G GFPEPS (k) with a given χ. The results are shown in Fig. 3a: We find that the error, δ, in the CM decreases exponentially with the number of bond modes χ. Since all physical quantities depend solely on the CM, our results indicate that if χ is increased, all relevant observables can be approximated by a GFPEPS with exponentially decreasing error. Most importantly, the Hall conductivity − σxy 2π reaches C = −1 with exponentially decreasing difference, and the entropy of the optimal GFPEPS approximation decreases exponentially with χ.
We have also investigated the power of the GFPEPS to describe topological insulators at finite temperature. This was done by minimizing the free energy functional F (ρ GFPEPS ) = tr(Hρ GFPEPS ) − T S(ρ GFPEPS ) (S: von Neumann entropy) of the above model at e S = 1, with a GFPEPS with χ = 2, i.e., one bond Majorana fermion per physical fermion, cf. Fig. 3b ,c: For T → 0, the entropy of the GFPEPS does indeed converge to zero, that is, it approaches a pure state; its analytical form is just the one given in Eq. (5), with λ ≈ 0.705. This shows that by minimizing the free energy as a function of T one can converge to pure states which are topological even for small χ. Thus, pure GFPEPS are well suited to describe topological insulators in numerical simulations. We have substantiated this claim further by minimizing the free energy F (ρ GFPEPS ) for χ = 2 as a function of −1 ≤ e S ≤ 1 for T = 0, see Fig. 3d . The entropies of the optimal GFPEPS were of the order of ≤ 10 −10 which is why their Chern numbers coincide with their Hall conductivities, which jump from 0 to −1 at e S ≈ 0. These results indicate that quantum phase transitions can be detected by approximating the ground state energy with GFPEPS.
Conclusions.-In this Letter, we have studied whether Projected Entangled Pair States can be used to describe chiral topological states. We have answered this question in the affirmative, by providing a class of Gaussian fermionic PEPS (GFPEPS) describing systems with a non-zero Chern number; these states can be ground states of either gapless strictly local Hamiltonians or gapped Hamiltonians with algebraically decaying hoppings and/or pairings. We have further shown that the gaplessness of the strictly local parent Hamiltonian is a necessary condition to have topological order. Finally, we have numerically studied the ability of GFPEPS to approximate chiral free fermion systems, and found that GFPEPS can efficiently approximate both ground and thermal states of chiral Hamiltonians with a small bond dimension, making them a well-suited tool for the numerical study of chiral fermionic systems.
While we restricted our studies to Gaussian PEPS, it appears that one can also describe interacting chiral systems with fermionic PEPS by twisting the Gaussian PEPS projector E with a non-Gaussian map. We therefore believe that fermionic PEPS will also be suitable as a numerical tool to study fractional quantum Hall systems.
After completion of this work, we learned that Dubail and Read had independently obtained related results [28] .
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Supplemental Material
Free fermionic systems
Throughout this paper we consider translationally invariant free fermion systems on an N × N square lattice. The free fermion Hamiltonians take the following general quadratic form:
(T r−r ′ ;j,m a † r,j a r,m + ∆ r−r ′ ;j,m a † r,j a † r ′ ,m +∆ r−r ′ ;j,m a r ′ ,m a r,j ),
where r and r ′ denote the site indices, T r−r ′ are Hermitian matrices, and∆ r−r ′ ;j,m is the complex conjugate of ∆ r−r ′ ;j,m . Here a r,j and a † r,m denote the fermionic annihilation and creation operators, respectively, whereas j, m = 1, . . . , f is the index of orbitals.
In the presence of translational invariance, the Hamiltonian (1) can be diagonalized by Fourier transforming to kspace. If the pairing terms ∆ r−r ′ all vanish, i.e., the particle number is conserved, the Fourier transformed Hamiltonian can be written as
Thus, the fermionic modes get completely decoupled by diagonalizing the f × f matrix h(k). If the ∆ r−r ′ do not vanish, the Hamiltonian contains pairing terms, which requires a Bogoliubov-de Gennes transformation to diagonalize the Hamiltonian.
Chern insulators
The simplest chiral topological state appears in the integer quantum Hall effect, and has a gap in the bulk and gapless chiral edge states at the boundary. The lattice versions of that state are the so-called Chern insulators. The free fermion Hamiltonians of the Chern insulators are characterized by the Chern number, which is a topological invariant distinguishing different phases. Physically, the Chern number counts the number of chiral edge modes at the boundary and is related to the quantization of the Hall conductivity.
Let us suppose that the Hamiltonian (2) has n occ filled bands. Then, the Chern number is defined by [29]
Here
xy is the Berry curvature of the nth band, defined by F
∂ky , where the Berry connection
and |u (n) (k) are the Bloch functions for the nth band, i.e., the nth eigenvector of h(k) in Eq. (2).
Fermionic Gaussian states
Fermionic Gaussian states [30], i.e., ground and thermal states of quadratic Hamiltonians such as (1), are completely characterized by their two-point correlation functions due to Wick's theorem. In order to understand the formalism, it is convenient to consider them in the basis of Majorana fermions defined by
(j = 1, . . . , l) which satisfy the Clifford algebra {c r , c s } = 2δ r,s . The two-point correlation function of a state ρ is given by
where Γ = −Γ ⊤ . An arbitrary operator can be expanded as
Substituting c s by Grassmann variables θ s satisfying {θ r , θ s } = 0, we obtain the Grassmann representation of X X = αI + 2l p=1 1≤r1≤...≤rp≤2l α r1,...,rp θ r1 ...θ rp .
In Grassmann representation, the density operator of any fermionic Gaussian state takes the form [30]
where the matrix (5) enters. For fermionic Gaussian states, Γ is called covariance (or correlation) matrix. In this case, we have ΓΓ ⊤ ≤ I with equality if and only if the state is pure. For a pure Gaussian state ρ, a parent Hamiltonian H which has ρ as its ground state can be constructed via
Gaussian linear maps map Gaussian states to Gaussian states. They are defined via [30]
where C is a number and the action of the map is given by
Note that the Gaussian maps are also parametrized by a covariance matrix
which is real and antisymmetric and fulfills M M ⊤ ≤ I. If M M ⊤ = I, pure states are mapped to pure states. Evaluating the Gaussian integrals in Eq. (10) yields the covariance matrix of the output Gaussian state as
Gaussian fermionic projected entangled-pair states
Gaussian fermionic PEPS (GFPEPS) can be conveniently defined by using the above fermionic Gaussian state formalism. In order to do so, we introduce χ maximally entangled virtual Majorana bonds between every two neighboring sites of an N × N square lattice with periodic boundary conditions. They form the input Gaussian density operator, which has the following Grassmann representation:
where the products are taken over the sites located at r and the virtual indices α = 1, ..., χ (χ: number of bond Majorana modes). The Majorana modes on each site r are mapped onto the space of physical fermions at r via
with A ∈ R 2f ×2f , B ∈ R 2f ×4χ and D ∈ R 4χ×4χ (f : number of physical orbitals per site). Thus, the covariance matrix of the GfPEPS is
where the primed matrices are defined via M ′ = r M and we used Γ 2 in = −I. For the calculation of Γ out , we employ the formalism introduced in [31], which we briefly recapitulate here: Γ in,out are circulant matrices and can thus be block-diagonalized by the unitary matrix representation F of the Fourier transform to reciprocal space. If we apply F from the left and F † from the right on (16), we arrive at
where G in,out (k) are the blocks on the diagonals of F Γ in,out F † , which are labeled by the reciprocal vector k. They are the covariance matrices of the Fourier transformed physical Majorana modes c r,s (s = 1, . . . , 2f )
and Fourier transformed virtual Majorana modes γ 
respectively. Note that d k,s are complex Majorana fermions lacking physical meaning. However, given G out (k), the covariance matrix of physical Majorana modes in reciprocal space, Γ out (k) can be calculated via a unitary transformation as will be described below. Before, we would like to mention that
where Perm(i 1 , i 2 , ..., i N ) is the permutation matrix with elements N j=1 δ ij ,j and I n denotes the n× n identity matrix. Thus, we obtain
If we write the inverse of D − G in (k) in terms of the adjugate matrix Adj(·):
it follows that the elements of G out (k) are fractions of finite-degree trigonometric polynomials,
p st (k) and q(k) ≡ det(D − G in (k)) are polynomials of sin k x , cos k x , sin k y , and cos k y of degree ≤ 2χ, bounded by the number of virtual Majorana bonds. Note that q(k) ∈ R, since D − G in (k) is anti-Hermitian and has even dimensions, implying that its determinant is real. Now, the real, physical Majorana modes in k-space can be obtained by taking the Fourier transform of the physical fermionic modes a r,j in the relation
and employing the relations
where ω = 0 1 −1 0 . The covariance matrix of the physical Majorana fermions in k-space is given by
Therefore, also
is a fraction of trigonometric polynomials of degree ≤ 2χ.
Particle-number conserving Gaussian fPEPS
Particle number conservation is equivalent to
If we express this in terms of Majorana operators and perform a Fourier transformation to reciprocal space, we arrive at
This is fulfilled, if and only if G out (k) can be written as
Inserting this into (30) yields
Comparing this to
, we note that the complex
contains all the information about the correlation matrix in the case of particle number conservation. This property is due to the fact that I, ω are the real representation of complex numbers. In order ensure the GFPEPS has particle number conservation, it is best to impose the above symmetry already on the virtual level. This is done by grouping pairs of Majoranas together, which in complex representation can be compactly written as 
The Gaussian map M needs to preserve that symmetry, which is achieved by M = I 2 ⊗ M 1 + ω ⊗ M 2 , or in complex representation
Again M C = −M C † and M C M C † ≤ I f +2χ with equality for pure states. We note that particle number conservation of the output state can also be achieved by using normal virtual fermions for the bonds and applying a Gaussian map keeping the fermion number conservation symmetry.
Gaussian fPEPS for Chern Insulators
Let us consider a Chern insulator Hamiltonian with two orbitals on each site
with h(k) = 3 j=1 σ j d j (k) leading to two energy bands ±d(k), where d(k) = |d(k)|. We assume that it is gapped and has one occupied band. In this two-orbital case, the Chern number in Eq. (3) can be simplified as [32] 
The von Neumann entropy of this thermal state is given by
and the covariance matrix of ρ(β) calculated via Eq. (5) is Γ ++ (k) = sinh(βd(k)) 1 + cosh(βd(k))
where due to particle number conservation the remaining parts of the covariance matrix are given by Eqs. (35) and (36). Γ ++ (k) could be written in complex representation; however it has one more symmetry, arising from the fact that the trace of the Hamiltonian is zero, tr(h(k)) = 0. Both symmetries can be incorporated simultaneously be representing Γ ++ (k) by quaternions, Γ H (k) = sinh(βd(k)) 1 + cosh(βd(k)) (id 3 (k) + jd 2 (k) + kd 1 (k)).
In order to see that, observe that the matrix representation of the quaternionic units is 
where r denotes the real unit.
